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ABSTRACT

The problem of joint source localisation and wave-speed estimation arises when the
propagation speed is unknown. This paper characterises the fundamental accuracy limits
via identifiability analysis and Cramér—Rao bounds for arbitrary sensor arrays, including de-
generate planar and linear geometries, with specialisation to far-field and near-field models.
Closed-form Fisher information expressions are derived for coloured noise via whitening,
revealing an explicit, geometry-dependent coupling penalty between spatial parameters and
wave speed. In the far field, joint identifiability of azimuth, elevation, and wave speed
requires a genuinely three-dimensional array. Near-field estimation is generically identifi-
able due to wavefront curvature, with degeneracy arising only under specific source—array
configurations. Numerical results validate the predicted scaling, coupling behaviour, and
dependence on array geometry.

1 INTRODUCTION

Accurate localisation of acoustic sources using sensor arrays is fundamental in signal pro-
cessing, with applications spanning aeroacoustics, sonar, seismology, medical ultrasound, and
non-destructive testing. Classical direction-of-arrival (DOA) methods [13-15] and more recent
localisation frameworks [4] assume a known propagation speed, reducing localisation to estim-
ation of spatial parameters from inter-sensor phase or delay measurements. In many practical
settings, this assumption is violated; wave speed depends on environmental conditions such
as temperature, salinity, and material heterogeneity [3, 9, [16, [17]. Source location and wave
speed must therefore be estimated jointly, yielding a nonlinear and intrinsically coupled inverse
problem.

The Cramér—Rao bound (CRB) [2, [10] provides the fundamental performance benchmark
for unbiased estimators. While CRBs for DOA with known wave speed are well established
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(3,16, 8, 112, 115} [19]], results for joint estimation remain comparatively limited [20]. This paper
makes two contributions: it establishes identifiability conditions for joint spatial and wave-speed
estimation in far-field and near-field regimes, and derives closed-form CRBs for arbitrary array
geometries under a stochastic Gaussian model with known coloured noise covariance. The
analysis quantifies parameter coupling through the Schur complement and provides geometry-
dependent design insights.

2 SIGNAL AND PARAMETER MODEL

Consider an array with M sensors located at positions r,, = [Xu, Ym»>Zm] > m = 1,..., M,
centred at the origin, and a narrowband source signal s(n). The source is characterised by
spatial parameters & € R” and an unknown wave speed ¢ > 0, forming the parameter vector
n=[£7,c]T € RP*!. The array output is

y(n) =s(n)a(n) +v(n), n=1,...,N, (1)

where s(n) ~ CN(0,0?) is a zero-mean circularly symmetric complex Gaussian signal with
variance o2, and v(n) ~ CN(0,R,) is spatially coloured noise with known positive-definite
covariance R, > 0, independent of s(n) and 5. The steering vector a(n) has m-th entry given
by X

Bm ()

where 7, (&, ¢) denotes the effective propagation delay from the source to sensor m, and 3, (&)
accounts for deterministic amplitude attenuation. The snapshot covariance matrix is given by

R(n) = o?a(n)a () +R,. 3)

an(n) = exp( - jotn(§, C)), ()

Far-field model. The far-field source direction is parametrised by azimuth ¢ and elevation 6,
with the steering vector given by

cos @ cos ¢

am(¢,0,c) = exp(—j<ryu(¢,0)), u(¢,0) = |cosfsing|. 4)
sin 6

Near-field model In the near field, the spatial parameter is the source position p = [xy, ys, 5] T,
and

am(P,c) = pm(P) 7 exp(—i2 pm (),  Pm(P) = llp -1l 5)

where vy = 0 corresponds to the phase-only model and y = 1 includes amplitude decay.

3 IDENTIFIABILITY

Partial derivatives with respect to 7, are written (-) «> all quantities are evaluated at the true
parameter 77, unless stated otherwise.
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3.1 General framework

The parameter 77 is locally identifiable at i, if the only vector § € RP*! satisfying 25:11 Ok % =0

is 6 = 0. Under the single-source signal model, % = O'SZ (akaH + aa?) , and each derivative
admits the orthogonal decomposition
. . aHa . aa |
A =adatag,, o= ——, A= (I-——=fa, (6)
llall llall

where aja is the component of a; in the direction of a, and &, is its orthogonal projection
onto the complement of span(a). Since the rank-one component is common across all derivat-
ives, parameter identifiability is governed by the orthogonal components, so the identifiability
condition reduces to

rank(A, ) = p + 1, AL =[a1,,.. 4501, (7)

where rank(-) denotes matrix rank.

3.2 Far-field identifiability
Each steering derivative is a; = jqx © ap with real sensor-projection vectors

_ w T _ w T Wy T
Qm,qﬁ = —C_O(a¢u) | qm,0 = _c_()(aQu) | qdm,c = %u T,

where © denotes the Hadamard (element-wise) product and ap = a(7,). Since the array is
centred, a5, = a;. Diagonal weighting by ag and scalar factors w/co and 1/ c(z) do not affect
rank, so the projected derivative matrix satisfies

rank(A) = rank([qs. Q. gc]) = rank(M,Bo),

where M, = [ry,...,ry]T € RM X3 is the sensor-position matrix and By has columns propor-
tional to {—dsu, —dpu, —u}. For 6 # +7/2, By is full rank, giving:

Proposition 1 (Far-field identifiability). Away from 6 = +x/2, where the azimuth ¢ is not
uniquely defined due to a coordinate singularity, (¢, 6, ¢) are locally identifiable if and only if
rank(M,) = 3, i.e., the sensors span R3.

3.3 Near-field identifiability

Phase-only model (y = 0). The projected derivative matrix reduces (up to rank-preserving
scaling) to '
ALne o« [=p, p] € R, ®)

where p stacks the per-sensor unit directions p,, = (p—T)/0om. and p = [p1,..., pu] " stacks
the ranges. Local identifiability is therefore governed by the span of {0, p}, leading to the
condition rank([p, p]) = 4. Equivalently:
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Proposition 2 (Near-field identifiability, y = 0). The parameters (xs, y;, 25, ¢) are locally iden-
tifiable if and only if
rank(p) =3 and p ¢ span(p).

Amplitude-and-phase model (y = 1). For y = 1, the spatial derivatives acquire an additional
real component proportional to p;,!, so the projected derivative matrix has the rank-equivalent
form

AJ_,NF oS [_IA)’ 1’ p]’ (9)

with 1 = [1,...,1]7. Hence, the local identifiability condition tightens to rank([p, 1, p]) = 4;
equivalently:

Proposition 3 (Near-field identifiability, v = 1). The parameters (x;, y;, Z5, ¢) are locally iden-
tifiable if and only if
rank(p) =3 and p ¢ span(p,1),

i.e., the direction vectors span R® and the range vector is not in the span of p and the all-ones
vector.

Tablesummarises all three regimes. In contrast to the far field, where a three-dimensional (3-
D) array is structurally required, near-field identifiability is generally configuration-dependent:
for a non-degenerate array, violations of the rank conditions occur only on lower-dimensional
subsets of the source-location space.

Table 1: Identifiability conditions for joint spatial and wave-speed estimation.

Regime Condition Failure mechanisms

Insufficient spatial dimensionality

Far field rank(M;) = 3 (planar or linear arrays)

Direction vectors fail to span R3 or

Near field, y =0 rank(p) =3, p & span(p) range vector aligns with the direction-vector subspace

Direction vectors fail to span R? or
Near field,y =1 rank(p) =3, p ¢ span(p,1) range vector aligns with the direction-vector subspace or
equal-range configuration

4 CRAMER-RAO BOUND AND PARAMETER COUPLING

4.1 Fisher information matrix

Pre-whitening with W = R;l/ 2 yields an equivalent white-noise model with steering vector
a = Wa. Each whitened derivative decomposes as a; = (ﬁg'ﬁk /@o)ag + Ak, where @¢ =

ﬁgﬁo = agR;lao. Applying the Slepian—Bangs formula [1} [11] with the Woodbury identity
gives the Fisher information matrix (FIM):
No¢ ... 2Nota
J=— "% 4574 5% g (10)
(1 + 02a)? 1 + o2ay
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where & = [&1,...,&p+1] with &, = 2Re{ﬁg§k}, D = Re{gfgl}, and ;&L =

[51, Lyens §p+1, 1]. For far-field and phase-only near-field models, & = 0 and J reduces to

the scaled Gram matrix D.

4.2 Cramér—Rao bound

The CRB is obtained by inverting the FIM: CRB(5) = J~'. Writing J = Jo + zz" with

Jo = ZIJZUZ?SD and z = \/_U d the Sherman—Morrison formula gives
J—lZZTJ—l
CRB(p) = J;' - 21—, (1
1+z"J, Iz

provided Jo > 0.
Since Eq. (10} is the sum of a rank-one term and a scaled positive-semidefinite matrix,

J~0 & D>0 < rank(A,) = p + 1: identifiability and existence of a finite CRB are
equivalent for the rank-one signal model. If J is rank-deficient, some parameters are locally non-
identifiable and the classical CRB is undefined. In that case, the Moore—Penrose pseudoinverse
J" may be used to characterise covariance bounds restricted to the identifiable subspace.

For white noise (R, = 0',%1) and the phase-only model (& = 0),

CRB(p) = ——= D, SNR = o /oy,  ap = |lao]l”, 12
) = 2/02, g = [laoll (12)

with D = Re{AA | }. This reveals CRB o SNR™2 at low SNR, transitioning to SNR™! at high
SNR; geometry enters entirely through D=1,

4.3 Parameter coupling

Partitioning the FIM conformably with (&, ¢) gives

Jee Jee
J= [ch Jcc]' (13)

The spatial CRB with unknown ¢ follows from the Schur complement:

CRB(£) = (Jee — jec/ilif,) = CRBo(), (14)

where CRB( (&) = J - 1s the bound for known c. The coupling penalty Ag. = JgCJCC Jee = 0
inflates the spatial CRB relative to the known-c case. It vanishes if and only if j Jec = 0, requiring
both the amplitude coupling (a'ga/C = 0) and the geometric coupling (Re{A lﬁc, 1} =0)to

vanish. For phase-only models (& = 0), only the geometric condition remains. Geometrically,
the coupling disappears when variations in ¢ induce array phase changes that are orthogonal to
those induced by spatial perturbations.
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4.4 Specialisations
Far field. With ap = M and Q = [q¢, g6, q.], the white-noise CRB is

1 + MSNR

CRB(pp) = —————
() 2N MSNR?

-1
Q'Q) . (15)
For a centred planar array (z,,, = 0), the elevation and wave-speed gradients satisfy

qdm,c = (COt 90/60) qm.0,

so the FIM is rank-deficient and individual estimation of 8 or ¢ from a single planar array is
impossible. Only azimuth and the composite parameter

6 =6+ (cotby/co)c

are identifiable. For a general planar array, the white-noise CRB for the identifiable parameters
admits the factorisation

CRB(¢) = F4W,, CRB(0) = FyWp,

where
1 + M SNR 1 + M SNR
2NM SNR“k; cos26y 2NM SNR“kg sin“8y
capture all SNR dependence, with kg = w/cg, and
S S
Wo=—  Wy=—5— (17)
SxxSyy - Sxy SxxSyy - Sxy
are geometry weights expressed through the second-order sensor moments
Sex = Zx,%p Syy = Zy,%p Sxy = meym,
m m m
with h,, = x,,cos g + y, singg and g, = —x,, singg + y,, cos ¢pg. This shows that wave-

speed coupling does not degrade azimuth accuracy, whereas elevation—wave-speed coupling is
governed entirely by the planar geometry. The determinant S,,S,, — S)%y measures the effective
two-dimensional aperture and vanishes only for collinear arrays.

For a linear array along the x-axis, the phase-gradient vectors are all collinear and the model

reduces to a single identifiable parameter v = <595 \yith
1+ MSNR
CRB(v) = > , (18)
ONMSNR2WS,,

where Sy, = d?M(M? — 1)/12 for a uniformly spaced array with inter-element spacing d. If ¢
is known, the standard CRB expression for the identifiable parameter u = cos 6 cos ¢ (direction
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cosine onto the array axis) is recovered [7, [18]:

1 + MSNR
2NMSNR? k25,

CRB(u) = ¢ CRB(v) =

Near field. For the phase-only model under white noise,

1 + MSNR

— 222 (G"G), 19
2NMSNR2( ) (19)

CRB(n) =

where G = koP, [-p, p/co],and P, =1 - %IIT. Here #, centres each column and removes
the component lying in the rank-one signal subspace.

Near-field identifiability depends jointly on the sensor geometry and source position through
the rank of the direction- and range-induced structure. Degeneracy arises when the direction
vectors fail to span R, or when the range vector becomes aligned with the subspace generated by
the direction field, resulting in a rank deficiency that renders spatial parameters and wave speed
jointly unidentifiable. Unlike the far-field case, the near-field model remains locally identifiable
for a planar array when the source lies off the array plane. If the source lies in the array plane,
the source coordinate normal to the plane becomes unidentifiable, and the identifiable parameter
set reduces to the two in-plane coordinates together with c¢. For a linear array along the x-axis,

the identifiable parameters reduce to (x,, 7, ¢), where r, = v y? + z2.

5 NUMERICAL VALIDATION

Unless stated otherwise, simulations use the phase-only white-noise model with N = 1 snapshot
for CRB evaluation (N = 64 for Monte Carlo, 500 trials), O'SZ =1,c0 =1, w = 2x, true DOA
(¢p0,60) = (0.4,0.6) rad, and M = 16 sensors. Results are reported in wavelength-normalised
units. The 3-D array has sensor positions drawn from N (0, 0.2513) and then centred; the planar
array is obtained by projecting the same layout onto z,, = 0. Near-field sources are specified
as p = ru(¢o, p) with fixed DOA and range r. The nominal configuration uses r = 2, giving
p=1[1.5061.1]".

Figure 1| confirms the SNR™? scaling predicted by Eq. . In the far field and the near
field, the unknown-c CRB is uniformly larger than the known-c case, reflecting the additional
uncertainty introduced by joint estimation, while preserving the same asymptotic SNR slope.
In the near field, all four parameters are identifiable for the chosen out-of-plane configuration.
The CRB for c is of the same order as the spatial-parameter CRBs, indicating that wave-speed
estimation has comparable statistical difficulty to direction finding in well-conditioned arrays.

Figure [2]isolates the geometric contribution to CRB inflation. Under array scaling (Fig. [2a)),
horizontal scaling and vertical compression increase the elevation penalty most strongly, while
the azimuth penalty remains close to unity. The elevation sweep (Fig.[2b)) shows a non-monotonic
dependence on 6, with the strongest coupling at intermediate elevations. In the near field, CRB
inflation grows with range in a coordinate-dependent way; for the configuration considered, x;
is most affected and z, least.

Table [2| compares three far-field configurations: a planar uniform rectangular array (URA),
a mildly perturbed (slightly non-planar) version of the URA with small random out-of-plane
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(a) Far-field 3-D array. (b) Near-field planar array.

Figure 1: Square-root CRB versus SNR. Solid curves correspond to unknown ¢ and dashed curves to
known c. In (b), the source location is p = [1.5,0.6, 1] 7. Reference slopes proportional to
SNR™'/2 and SNR™! are shown for comparison. All values are wavelength-normalised.
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Figure 2: Coupling-induced CRB inflation at 0 dB SNR. Inflation is defined as
CRB(- | unknown, ¢) /CRB(- | known, )

perturbations of the element positions (with standard deviation o, = 0.05, i.e., 10% of the
inter-element spacing), and a 3-D random array. For the perturbed URA, the reported values are
medians over 500 random perturbation realisations, reflecting its stochastic geometry-dependent
conditioning; for the 3-D array, a representative realisation is used, as its statistics are effectively
invariant across realisations. The planar URA remains rank deficient: CRB(¢) is finite, whereas
CRB(8) and CRB(c) diverge due to the non-identifiability of # and c. Introducing out-of-plane
perturbations restores full rank and yields finite CRBs, but the FIM remains moderately ill
conditioned, with substantially larger uncertainty in 6 and ¢ than in the 3-D case. The fully 3-D
array is well conditioned, confirming that a genuinely three-dimensional aperture is required for
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Table 2: Far-field identifiability by array geometry at 0 dB SNR. Planar URA values correspond to a
single deterministic geometry; perturbed URA values are medians over 500 random
realisations; 3-D array values correspond to a representative realisation (statistics are
invariant across realisations). Amin(J) denotes the smallest FIM eigenvalue and «(J) the
condition number. CRB values are wavelength-normalised.

Geometry rank(J)  Amin(J) x(J) JCRB(¢) +/CRB(§) +/CRB(c) Interpretation

Planar URA 2 0 00 0.06 unbounded unbounded Rank-
deficient;
6 and c are not
identifiable

Perturbed URA 3 ~23 ~1.6x10° =~0.064 ~ 0.54 ~ 0.38 Full rank, but
moderately ill-
conditioned

3-D random 3 38 ~3.2 ~(0.127 ~(0.118 ~(0.127 Full rank and
well  condi-

tioned

Q

~+RMSE(¢) 0.06 -\,
-> /CRB(¢)

——RMSE(®) 0.05
-~ V/CRB(©®)
~~RMSE(c)
v/ CRB(c)

—+ RMSE(x,)

-~ RMSE()
-> \/CRB(¢) 054

CRB

CRB

~~RMSE(®)
/CRB(z)

~+RMSE(©)

-¢ /CRB(c)

“ \ CRB(®)

RMSE,

RMSE,

0.02

b

-10 -5 0 5 10 ?10 -5 0 5 10 -10 -5 0 10
SNR (dB) SNR (dB) SNR (dB)
(a) Far-field 3-D array. (b) Planar far-field configuration (c) Near-field planar configuration
(degenerate case). with an out-of-plane source.

Figure 3: Monte Carlo validation (500 trials; solid lines: RMSE, dashed lines: VYCRB). In (b), only ¢
and the identifiable combination  have finite CRB.

far-field joint identifiability when 6y # +7/2.

Finally, Fig. [3| validates the analytical CRB against Monte Carlo simulation (joint maximum-
likelihood estimation using grid search) for three configurations: a far-field 3-D random array, a
far-field planar array, and a near-field planar array with an out-of-plane source. In all identifiable
cases, the empirical root-mean-square error (RMSE) approaches VCRB at moderate-to-high
SNR. In the planar far-field case, only ¢ and the identifiable combination § converge to fi-
nite values. Taken together, the Monte Carlo results corroborate the analytical CRB across
identifiable and singular regimes.
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6 CONCLUSION

This paper derived Cramér—Rao bounds for joint source localisation and wave-speed estima-
tion, together with a complete identifiability characterisation in far-field and near-field regimes.
Far-field joint estimation requires a genuinely three-dimensional array; planar geometries are
structurally rank-deficient and admit only identifiable parameter combinations. Near-field local-
isation is generically identifiable due to wavefront curvature, with parameter coupling governed
by array geometry. The Schur-complement formulation quantifies the wave-speed uncertainty
penalty on spatial estimation, showing that geometric diversity, rather than aperture alone,
governs robustness to coupling and model degeneracy. These results provide practical design
guidance: three-dimensional apertures are essential for full far-field identifiability, while near-
field arrays should maximise directional diversity to suppress coupling between spatial and
wave-speed parameters. Natural extensions include wideband formulations, moving sources,
and data-driven array optimisation under the identifiability constraints derived here.
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