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Abstract

The source localisation method SODIX is capable of determining the amplitudes and the
directivity of sound sources based on measurements with a microphone array. The source
model of the method has recently been extended with fully coherent sound sources which
improves the application of SODIX to tonal noise. This paper presents a further extension
of the SODIX source model with partially coherent sources in order to overcome residual
effects that cannot be correctly modelled with a fully coherent source model, e.g. due to
propagation effects that decorrelate the sound field radiated by a sound source for different
receiver positions. The extension relies on a parameterisation of the source directivities and
a compressed-sensing based algorithm in combination with an eigenvalue decomposition
of the measured cross-spectral matrix to determine the unknown source directivities. The
extended localization method with the partially coherent source model is validated using
simulated sound sources that have different source directivities and mutual coherence. The
results show that only the new source model with partially coherent sound sources is able to
resolve the simulated source directivities accurately, when the sources are partially coherent
or both coherent and incoherent sources are present.

1 INTRODUCTION

The source localisation method SODIX is capable of determining the amplitudes and the di-
rectivity of sound sources based on measurements with a microphone array. SODIX stands for
SOurce DlIrectivity modelling in the cross-spectral matriX and is mainly being developed for the
analysis of broadband noise sources in static engine noise testing [[1H3]. The SODIX method is
able to quantify the contribution of individual source regions as e.g. the intake, the nozzle, and
the jet to the overall radiated noise.
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Figure [I] shows a typical measurement setup at an outdoor engine noise test facility with a
linear microphone array placed on the testbed ground in parallel with the engine axis. The linear
microphone array is densely populated with approximately 250 microphones and provides a
polar resolution of approximately 0.6°.
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Figure 1: Measurement setup with microphone arrays at a static engine noise test facility.

Compared to other source localisation methods, SODIX has the unique feature that it is able
to determine both the amplitude and the directivity of sound sources. For outdoor engine noise
tests, SODIX has been applied to data from a large microphone array in the near-field of an
engine as well as to data from a sparse array in the far-field [3, 4]. Also, the application of
SODIX to microphone measurements in reverberant test-cells for turbofan engines has been
studied [3]].

The SODIX method was originally developed for the analysis of broadband noise sources and
initially used an incoherent point source model with real-valued source amplitudes. An updated
version of the incoherent source model that includes the modelling of the phase of the sources as
well as an extension to analyse fully coherent sound sources have been recently presented [6].
The coherent source model improves the application of the localisation method to tonal noise
sources 1in static engine noise testing like e.g. fan tones that radiate from both the intake and
the nozzle exit. A cyclo-stationary analysis has been performed in the pre-processing of the
microphone array data in order to meet the assumption of fully coherent sound sources. This
analysis technique separates the part of the spectra that is coherent with the shaft rotation of the
engine from fluctuating components at the same frequencies. The rotor-coherent part of the fan
tones results from source mechanisms that correlate with the rotation of the engine shaft, e.g.
the interaction of the rotor wakes with the stator vanes of the fan stage. The contribution of the
tone that is not coherent with the rotor can be either associated with other source mechanisms
that do not correlate with the rotation of the engine shaft like the interaction of turbulent flow
with the fan, or it can result from propagation effects that decorrelate the sound field radiated
by a sound source for different receiver positions, e.g. when sound propagates through turbulent
flow.

So far, the fluctuating component of the spectra has been discarded and only the coherent
part of the microphone spectra has been analysed. It has been shown that the extended SODIX
method for fully coherent sound sources is able to localize a fan tone radiating from the engine
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intake and the nozzle at the expected positions [[6]. The derived source directivities were also
reasonable, but have shown unrealistic over-predictions at both ends of the microphone array
where the spatial resolution of the microphone array is lower.

This papers presents a further extension of the source localisation method SODIX for par-
tially coherent sound sources that overcomes the assumption of fully coherent sound sources.
This is particularly important when propagation effects decorrelate the sound field of the sources
or coherent and incoherent sound sources are present at the same frequency. The paper shows a
thorough description of the analysis technique that is based on the extension of the source model
used in SODIX, a parameterisation of the source directivities using base functions, and the use
of a compressed-sensing based algorithm in combination with an eigenvalue decomposition of
the measured cross-spectral matrix to determine the unknown source directivities. Finally, the
extended SODIX method is validated using simulated sound sources that exhibit different mu-
tual coherence and different source directivities. The source localisation results derived with
the new SODIX method with the partially coherent source model are compared to those from
the previous version with the incoherent source model in order to underline the improvements
of the localization results with the new, extended SODIX method.

2 METHODOLOGY

The source localisation method SODIX is capable of determining the amplitudes as well as the
directivity of sound sources. The method was originally developed for broadband noise sources
only [[1H37]] as an extension of the Spectral Estimation Method (SEM) [8,19]. This section gives
a thorough description of the SODIX method, beginning with the incoherent source model as a
reference. Then, the extended source model for coherent sound sources is presented. Finally, an
approach for resolving partially coherent sound sources using a compressed-sensing based algo-
rithm in combination with an eigenvalue decomposition of the measured cross-spectral matrix
as proposed by Behn et al. [10] is outlined.

2.1 Incoherent source model

The SODIX model of the cross-spectral matrix consists of incoherent point sources D with
individual amplitudes from all sources j = 1,...,J to all microphones m =1,...,M. The mi-
crophone cross-spectra are therefore modelled by the incoherent superposition of the directive
sources:

mod __
Cmn -

J

J
8 jmD jmD,85n » (D
=1
where g are the steering vectors that describe the known sound propagation from the sources
to the microphones. The main assumption of the SODIX source model in equation (1) is that the
sources are mutually incoherent which is mathematically described by vanishing cross-powers

for sources at different locations j and k:

DjuD}, = 2

DjuD;, , ifj=k,
0, if j£k.
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For the incoherent source model, the source directivities D are determined by a least-squares
fit between the measured and the modelled cross-spectral matrix which is solved iteratively
using a conjugate gradient method [5]:

F(D) = HC—Cm"d L GR(D) . 3)

The cost function in equation (3) includes an additional regularization term R that helps to
find stable solutions, even when the number of unknown source amplitudes is much higher than
the known entries in the measured cross-spectral matrix.

2.2 Coherent source model

In the presence of coherent sound sources, the cross-powers of sources at different locations
have to be included in the source model. This implies that equation (2)) is substituted for all
sources by:

DDy, = DjmDy, , 4)

which now includes the off-diagonal elements of the source cross-spectral matrix. Therefore,
additional terms appear in the coherent SODIX model of the measured cross-spectral matrix
that now becomes:

J J
Crod =YY gimDjmDiu8in - (&)
j=lk=1

Note the second sum over source indices k in comparison to the incoherent source model in
equation (T). The full model of the cross-spectral matrix C™°¢ can then be written as follows:

Cmd = GHDH G
(6)

where G is the system matrix, D is the solution vector containing the source directivities, and
Saa = DD is the full source cross-spectral matrix. The system matrix G consists of diagonal
matrices with the sound propagation functions g, as elements:

gn 0 ... 0 ... gn O ... O
G| g2 O 0 e MMl (7)
0 0 e IM .- 0 0 e 8IM

The solution vector D is composed of the individual source directivities D j,, arranged in
blocks d; for each single source j:

]A): [dl,dz,...,dj}T = [Dlln-DlM Dyy...Dyy...Djy ...D_]M]T S (CMJ . (8)
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2.3 Resolving partially coherent sound sources

In technical applications, sound sources are neither completely incoherent nor fully coherent.
Therefore, this paper presents an extension of the source localisation method SODIX that aims
to resolve partially coherent sound sources and their directivities. The analysis technique is
based on an eigenvalue decomposition of the measured cross-spectral matrix and a compressed-
sensing based algorithm proposed by Behn et al. [10] for the analysis of turbo-machinery induct
modes. The aim of compressed-sensing is to find a solution with the smallest number of ele-
ments which allows to reconstruct sparse signals. This is a good approach for the analysis of
the sound radiation of tonal noise from turbofan engines as engine tones radiate from distinct
locations like the engine intake, the bypass, and the nozzle exit. A compressed-sensing based
algorithm has already been used for solving the fully coherent source model within SODIX [6].
The first step of the new analysis technique is to perform the eigenvalue decomposition of the
measured cross-spectral matrix:

C =UAU" | 9

where U is a unitary matrix with the eigenvectors u; as columns and A is a diagonal matrix
with the eigenvalues A; on the main diagonal. For the further analysis, the eigenvectors are
normalised with the corresponding eigenvalues:

vi= A, . (10)

The main difference to the previous analysis for the fully coherent source model is that the
compressed-sensing algorithm BOMP (block orthogonal matching pursuit) is now used indi-
vidually for each eigenvalue of the measured cross-spectral matrix:

<e
2

; (1)

iHl, subject to Hvi—éﬁi

argmin ||dj
dj,eCM

where d; is the source directivity of the source j arranged in a block according to equation
(3), dji is the contribution of the i-th eigenvalue to that source directivity dj, ]'jl- contains the
full source directivities for all sources that correspond to the i-th eigenvalue, and € is an error
bound, e.g. the measurement noise energy. The full source cross-spectra are then obtained by
a superposition of the source spectra for all eigenvalues which allows to determine partially
coherent sources with individual directivity:

M
Saa = Y DD} (12)
i=1

2.4 Parameterisation of the source directivity with base functions

The dimension of the system matrix G € CM*MJ ghows that the equation system (6)) is under-

determined. Therefore, base functions are introduced in order to reduce the degrees of freedom
of the solution vector. The directivity of a single source is then expressed as a weighted sum of
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L elements of a set of base functions B that are evaluated at a specific coordinate @,

L
Djm :Dj,xj ((ij) = ijlBl ((P]m) . (13)
=1

In equation (13)), x is a weighting factor for the individual elements of the set of base functions
and becomes the new variable to be solved for. The parameterisation of the source directivities
can be formulated as a linear system of equations for the new solution vector x;:

Dj Bi(@j1) Ba(@j) ... Br(@j)] [xj
dj: . :Bij: . . . . :

: : . : (14)
Djm Bi(Qjm) Ba(@jm) ... Br(em)l Lxjc

It should be noted here that equation only describes the parameterised source directivity
of a single source j. The fully parameterised solution vector is given by inserting equation (14)
into equation (8) which then connects the source directivities and the new weighting factors
with the block-diagonal matrix B that contains the base functions:

d; B 0 X1
d] 0 BJ Xy

The original problem for the unknown source directivities D in equation () can now be
expressed for the weights x of the used set of base functions:

Cc™d —ppP?  with P=GD=GBg=¥%. (16)

In the case of fully coherent sound sources with a magnitude-squared coherence y> = 1, it
is sufficient to model the complex pressure vector p = [p1,...,pm]’ rather than the full cross-
spectral matrix because then the cross-spectral matrix is easily expressed as an outer product of
the complex pressure vector C = pp”’.

2.5 Definition of base functions

A preliminary study on the selection of the base functions has been carried out in [11]. Three
different sets of base functions have been proposed: Bernstein polynomials, piecewise linear
base functions, and harmonic base functions. Here, only the Bernstein polynomials and the
harmonic base functions are presented because the linear base functions perform similar to the
harmonic base functions. Equations and provide the mathematical definitions of the
two different sets of base functions.
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Bernstein polynomials

Bernstein polynomials are closely related to spline functions and can be written as:

Bi(t):(’;l)ti(l—t)”i with i=0,...,n. (17)

Here, the index becomes i =/ —1 with / = 1,...,L and L being the number of used base
elements.

Harmonic base functions

The harmonic base functions of the order d with L = 2d + 1 elements are given by:
By(1) = U=4=12"  with [=1,...,L. (18)

Figure 2| compares the two sets of base functions for the same number of base curves on a
normalised interval, e.g. an axial coordinate for a linear microphone array or a polar angle in
the far-field normalised with respect to the bounds.
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Figure 2: Different sets of base functions used for the parameterisation of the source directivi-
ties.

The preliminary study in [[11] has indicated that Bernstein polynomials perform better than
piecewise linear and harmonic base functions for simulated sound sources with relatively
smooth directivities. However, a first application to a fan tone measured during static engine
noise testing has shown that the parameterisation with Bernstein polynomials can lead to very
large over-predictions of the source directivities towards the outer ends of the linear microphone
array [6]]. This effect was partially reduced by omitting a few microphones at both ends of the
array from the analysis that provide a poor spatial resolution.
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3 VALIDATION WITH SIMULATED SOUND SOURCES

This section presents the source localisation results of the extended SODIX method with the
partially coherent source model for simulated sound sources. Three testcases that feature dif-
ferent source directivities and different mutual coherence of the simulated sound sources have
been created using the open-source software Acoular [12]. First, the extended SODIX method
is applied to simulated monopole sources that are either mutually incoherent or fully coherent.
Then, the method is applied to another simulation that features different directive sound sources
that are again either mutually incoherent or fully coherent. Finally, the extended SODIX method
is applied to a third simulation that features directive sound sources that are now partially co-
herent.

3.1 Monopole sound sources with different mutual coherence

A simulation of monopole sound sources with different mutual coherence was performed to
study the localisation results for the different source models used in SODIX. The simulated
sound sources are aligned on an axis that is parallel with a microphone array with approximately
250 microphones that is similar to an array used for source localisation in static engine noise
testing. Two coherent monopole sources with a magnitude-squared coherence y> = 1 and the
same amplitude are located at x = —5m and x = Om. An additional incoherent monopole source
with half the amplitude of the other sources is located at x = 2m.

Figure [3] shows the source localisation results derived with SODIX using different source
models. On the left-hand side, typical source maps are presented that show the source ampli-
tudes with the source position on the horizontal axis and the emission angle on the vertical axis.
The positions of the simulated sources are indicated by the grey, dashed lines. The right-hand
side of figure [3| shows a quantitative comparison of the source directivities that have been ex-
tracted from the source maps for individual source areas around the simulated source positions
with the simulated sound pressure levels indicated by the dashed lines.

All three source models can reproduce the sound pressure levels at the microphones (black
dashed and solid curves) accurately, however the results for the individual sources (coloured
lines) can show large deviations from the simulated levels depending on which source model is
used for the calculations.

The localisation results derived with the incoherent source model are presented in figure [3a]
as a reference in order to emphasize the improvements of the localisation results with the new,
extended SODIX method. It should be noted here, that an improved version of the incoherent
source model has been used that includes the modelling of the phase of the sources as presented
in [6]. All three sources are localized at the correct position. However, the uniform directivity
of the two coherent monopoles is not well determined with the incoherent source model. The
mutual coherence of the two sound sources leads to distinct lobes and phase jumps along the mi-
crophone array which cannot be accurately modelled by an incoherent superposition of sources.
The overall source directivity of the third incoherent source is better reproduced than those of
the two coherent monopoles, although the derived source levels are lower than the simulated
source amplitude over the whole angular range.
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Figure 3: Source localisation results derived with SODIX for a simulation of two fully coherent
monopoles and an additional incoherent monopole source. The maps show the source
directivities determined with SODIX using a source model with incoherent sources
(top), fully coherent sources (center), and partially coherent sources (bottom). The
sources at x = —5m and x = O0m have a simulated level of 78.9 dB and the source at
x =2m has a a simulated level of 72.9 dB as indicated by the dashed lines.

9
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The extension to a fully coherent source model improves the source localisation for the two
coherent monopole sources, as shown in figure [3b] The source directivities of the two coherent
monopoles are relatively uniform except for the extreme positions at the far ends of the array,
where the source directivities fluctuate with strong amplitude variations. Such a phenomenon
has already been observed for the application of the fully coherent source model to measured
engine noise data and might result from a low spatial resolution of the microphones at both ends
of the array [6]]. The third incoherent sound source is determined with a lower amplitude when
a fully coherent source model is used. The failure to correctly detect this sound source might
also explain the slight over-prediction of the two coherent monopoles with this source model.

The extension of the SODIX source model with partially coherent sound sources further
improves the source localisation results as shown in figure The two coherent monopoles
and the additional incoherent monopole source are now accurately detected with their simulated
source directivities. There are still some artefacts towards both ends of the microphone array,
but the deviations from the simulated levels are much smaller than for the fully coherent source
model.

3.2 Directive sound sources with different mutual coherence

A second simulation with directive sound sources has been performed to further investigate the
localisation results for the different source models used in SODIX. This simulation features two
sources at x = —5m and x = Om that have a directivity similar to a stationary dipole and are
mutually coherent with a magnitude-squared coherence y> = 1. The third source at x = 2m has
a continuous directivity with a peak radiation around 90° and is incoherent with the two dipole
sound sources. The source localisation results for this simulation are presented in figure {4

Similar to the previous simulation, all three source models can reproduce the sound pressure
levels at the microphones (black dashed and solid curves), although the results for the individual
sources (coloured lines) can show large deviations from the simulated source levels depending
on the used source model.

Figure {a] presents the source localisation results for the incoherent source model as a ref-
erence. Similar to the simulation with monopoles, the source model with incoherent sound
sources is not able to determine the true directivity of the coherent sound sources. Again, the
third incoherent sound source is reproduced better than the two coherent dipole sources, but its
amplitude is lower than the simulated amplitude.

The extension to fully coherent sound sources in figure #b| helps to improve the localisation
of the coherent dipole sources, although the source amplitudes are over-predicted. This phe-
nomenon might be the result of a compensation of the third incoherent sound source that is not
well determined with the fully coherent source model.

The extension of the SODIX source model with partially coherent sound sources further
improves the source localisation results as shown in figure The two coherent dipoles and
the third incoherent directive source are now accurately detected at the correct position and
with their directivity within the presented dynamic range of 60 dB. There are still some minor
artifacts in terms of oscillations towards both ends of the microphone array, but these artifacts
are drastically reduced in comparison to the fully coherent source model. In general, the source
localisation results for this simulation confirm the observation from the first simulation with
monopole sources that the source model with partially coherent sound sources performs much
better in a sound field with both coherent and incoherent sound sources.

10
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Figure 4: Source localisation results derived with SODIX for a simulation of two fully coherent
dipoles and an additional incoherent directive source. The maps show the source
directivities determined with SODIX using a source model with incoherent sources
(top), fully coherent sources (center), and partially coherent sources (bottom). The
simulated levels are indicated by the dashed lines.
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3.3 Directive sound sources with partial coherence

The previous simulation with directive sound sources has been modified to feature partially
coherent sound sources in order to further investigate the localisation results for the different
source models used in SODIX. This simulation has two sources at x = —5m and x = Om that
have a directivity similar to a stationary dipole and are now partially coherent with a magnitude-
squared coherence y? ~ 0.25. The third source at x = 2m has a continuous directivity with a
peak radiation around 90° and is incoherent with the two other sound sources. The source
localisation results for this simulation are presented in figure 5]

Similar to the previous simulations, all three source models can reproduce the sound pressure
levels at the microphones (black dashed and solid curves), although the results for the individual
sources (coloured lines) can show large deviations from the simulated source levels depending
on the used source model.

Figure [Sa presents the source localisation results for the incoherent source model as a refer-
ence. Similar to the previous simulations with either fully coherent or incoherent sound sources,
the SODIX source model with incoherent sound sources is not able to resolve the true direc-
tivity of the simulated, partially coherent sound sources. The derived source directivities of the
two partially coherent dipole sources show large oscillations that do not match the simulated
sound pressure levels. However, this phenomenon is much weaker than for the previous simu-
lation with fully coherent sound sources due to the reduced source coherence of y> ~ 0.25. The
third incoherent sound source is again better reproduced than the two partially coherent dipole
sources, but its amplitude is lower than the simulated amplitude.

The extension to fully coherent sound sources in figure [5b| helps to improve the localisation
of the partially coherent dipole sources, although the derived amplitudes partly deviate from
the simulated sound pressure levels. This phenomenon might result from the fact that the fully
coherent source model can only determine the coherent part of the sound field and therefore
omits the incoherent part of the simulated source amplitude.

The extension of the SODIX source model with partially coherent sound sources further im-
proves the source localisation results as shown in figure The two partially coherent dipoles
and the third incoherent directive source are now accurately detected at the correct position
and with their directivity within the presented dynamic range of 60 dB. There are still some
minor artifacts in terms of oscillations towards both ends of the microphone array, but these
artifacts are drastically reduced in comparison to the fully coherent source model. However, the
appearance and the strength of the spurious artifacts also depend on other parameters like the
microphone layout, the number of base functions, or the radiation pattern of the sources.

In general, the localisation results for this third simulation show that only the new, extended
SODIX method with partially coherent sound sources can reproduce the simulated directivities
when partially coherent sound sources are present.

12
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Figure 5: Source localisation results derived with SODIX for a simulation of two partially co-
herent dipoles and an additional incoherent directive source. The maps show the
source directivities determined with SODIX using a source model with incoherent
sources (top), fully coherent sources (center), and partially coherent sources (bot-
tom). The simulated levels are indicated by the dashed lines.
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4 CONCLUSIONS

The source localisation method SODIX has been extended for the analysis of coherent sound
sources. This paper presents a further extension of the method with partially coherent sound
sources that overcomes the assumption of fully coherent sound sources. This is particularly
important when propagation effects decorrelate the sound field of the sources or coherent and
incoherent sound sources are present at the same frequency.

The extension of the method is based on a coherent source model, a parameterisation of the
source directivities with base functions, and a compressed-sensing based algorithm in combi-
nation with an eigenvalue decomposition of the measured cross-spectral matrix.

The new, extended SODIX method with partially coherent sound sources has been validated
using simulated sound sources with different directivities and different mutual coherence. The
localisation results have shown that the initial incoherent source model cannot be applied when
partially or fully coherent sound sources are present. The fully coherent source model improves
the localisation results for fully coherent sound sources, but fails to resolve incoherent and
partially coherent sound sources. The extension of the source model with partially coherent
sound sources further improves the determination of fully coherent, partially coherent, and
incoherent sound sources at the same frequency. Also, the partially coherent source model
determines both the coherent and incoherent sound sources in one calculation.
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